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In [4], Kazhdan and Lusztig define a map from the set of nilpotent 
orbits in a complex semisimple Lie algebra g to the set of conjugacy classes 
in the Weyl group W of g, and they compute it explicitly for 51,. They also 
work out several examples for the other types. The remaining classical Lie 
algebras are dealt with in [S, 61. In this paper we look at the live excep- 
tional types. We give a criterion for reduction to Levi factors of parabolic 
subgroups, and we use it to compute in all cases the composition of the 
Kazhdan-Lusztig map with a natural map from conjugacy classes in W to 
conjugacy classes of parabolic subgroups of W. Combining this with a few 
other methods, the value of the Kazhdan-Lusztig map can be computed on 
many nilpotent orbits, in particular on all orbits when g is of type G,, F4, 
or E,. For the remaining orbits in type E, and E, we give conjectural 
values. 
NOTATION 
0.1. Let A be the ring of formal power series C[sJ. Let m be the maxi- 
mal ideal of A, F=@((E)) the field of fractions of A, and u: F+Zu {a~} 
the surjective valuation corresponding to A. Also, let P be an algebraic 
closure of F. Then u extends to a Q-valued valuation on F. 
If G is any complex algebraic group and in N, let Gi(A) be the kernel 
of the natural homomorphism G(A) + G(A/m’). Then G,(A) = G(A), 
G,(A)/G,(A) z G(C), and Gi(A)/Gi+ ,(A) 2 Lie(G) for i> 1. We often write 
G for G(C). For an arbitrary complex Lie algebra g and a C-algebra B, let 
gs=gOc B. 
0.2. Unless otherwise stated, G is a connected reductive complex 
algebraic group, with Weyl group W and Lie algebra g. 
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0.3. The map from nilpotent orbits in g to conjugacy classes in W 
defined by Kazhdan and Lusztig is denoted eg. We also apply o9 to nilpo- 
tent elements of g. The definition is as follows. The G(F)-conjugacy classes 
of Cartan subalgebras of gF are in natural bijective correspondence with 
the conjugacy classes in W [4, 1.21. Let d(b) be the conjugacy class in W 
corresponding to the Cartan subalgebra h of gF. If C is a conjugacy class 
in W, we say that b is of type C if #(I)) = C. For w  E W we say also that 
h is of type w  if w  E b(h). Let x E g be nilpotent. Then there exists a dense 
open subset U of x+mgc gA which consists of regular semisimple 
elements of gF, and such that the Cartan subalgebras c,,(y) of gF for y E U 
are all G(F)-conjugate [4, Sect. 6, Cor. to Prop. l] (see this reference for 
the precise meaning of this statement). Then a,(x) is the conjugacy class in 
W corresponding to these Cartan subalgebras of gp. 
Let Y be a representation of gF obtained by extension of scalars from a 
completely reducible faithful representation of g. An element XE gF is 
topologically nilpotent if lim, _ m V(x)” = 0. For a conjugacy class C in W, 
let gg be the set of all topologically nilpotent regular semisimple elements 
x E gF such that &c,,(x)) = C. If w  E C, we also write 9: instead of 9:. 
0.4. The set of all Levi subalgebras of parabolic subalgebras of g is 
denoted /i(g), and the set of all reductive subalgebras of g of maximal 
rank is denoted Z(G). Also, let n*(g) = {IEn( I # g} and Z*(g) = 
{Im9)IIf9). 
Let I E Z(g). Using a Cartan subalgebra of I, we get an inclusion of the 
Weyl group W(1) of I in W. This inclusion is not canonical but it induces 
a canonical map i,,, from the set of conjugacy classes in W(1) to the set of 
conjugacy classes in W. 
0.5. There is a natural bijective correspondence between G-orbits in 
n(g) and conjugacy classes of parabolic subgroups of W. We fix here a 
notation for these classes in the case where G is of type G,, F4, E,, E,, 
or E,. 
Let I E n(g). The most important invariant of the G-orbit of I is the type 
of I, and we actually get a complete characterization for the orbit of I if we 
supplement this information as follows. For G2 and F4, we distinguish 
between long roots and short roots in components of type A, writing 2 to 
indicate short roots. For E, there are two conjugacy classes for each of the 
following subtypes: 3A,, A, + A,, and A,. If a subalgebra Ien of type 
3A, (resp. AS + A,, A,) is contained in a subalgebra of type A,, then I is 
said to be of type (3A,)’ (resp. (A, + Al)‘, (A,)‘), and of type (3A,)” jresp. 
(A3 + Al)“, (A,)“) otherwise. (This is Dynkin’s notation [3, p. 1481. The 
opposite convention for E, is used in [ 1,2].) 
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The same notation is used for conjugacy classes of parabolic subgroups 
of w. 
0.6. The nilpotent orbits in g are characterized by weighted Dynkin 
diagrams. In the tables for G, and F4, we write the long roots in the left 
and the short roots on the right. Thus the coefficients of the highest root 
are 23 for G2 and 2342 for F4, and for F4 the weighted Dynkin diagram of 
the highest root element is 1000. It is convenient also to use the Bala- 
Carter classification [ 11. A nilpotent element of g is distinguished if it is not 
contained in any I E /i*(g). If XE g is an arbitrary nilpotent element, then 
we can find some subalgebra I E n(g) such that x E I, with x distinguished 
in I. To characterize the orbit of x we can then specify the conjugacy class 
of I in n(g) under the action of G, and say which distinguished orbits of 
these subalgebras we consider. 
0.7. Let W be a Weyl group, realized in the usual way as a reflection 
group in a Euclidian space E. For w  E W, let R(W) = (x E WI Ker(x - 1) 3 
Ker(w - l)}. Then n(x) is the smallest parabolic subgroup of W containing 
w. We associate to the conjugacy class C of w  in W the conjugacy class 
n(C) of parabolic subgroups of W. By analogy with nilpotent orbits, we 
say that w is distinguished in W if n(w) = W. A description of the dis- 
tinguished classes is given in [2]. The Coxeter class is always distinguished. 
If W is an irreducible Weyl group, then the Coxeter class is the only 
distinguished class in W if and only if W is a Weyl group of type A. 
Let P be a parabolic subgroup of W. If x, ye W are such that 
x(x) = n(y) = P, then x and y are conjugate in W if and only if they are 
conjugate in P. This follows from the results in [2] and the fact that in an 
irreducible Weyl group each parabolic subgroup has at most one 
irreducible factor which is not of type A. The conjugacy problem in W is 
thus reduced to the case of distinguished elements. From the results in [2] 
we find also that the distinguished classes in an irreducible Weyl group are 
completely characterized by their characteristic polynomials, with a single 
exception in type F4. In this case there are two distinguished classes which 
have (t3 + 1 )(t + 1) as characteristic polynomial. These classes are obtained 
by taking the Coxeter elements in the Weyl groups of the integrally closed 
root subsystems of type D, and C, + A,, respectively. 
1. TABLE 
Table I below gives values for the Kazhdan-Lusztig map for the five 
exceptional types. The values surrounded by square brackets are conjec- 
tural, the others are actual values. 
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TABLE I 
Dynkin Bala-Carter Characteristic Carter’s 
diagram classiftcation d 7zoag polynomial notation 
00 
10 
01 
20 
22 
oooo 
1000 
0001 
0100 
2ooo 
ooo2 
0010 
2001 
0101 
1010 
0200 
2200 
1012 
0202 
2202 
2222 
0 
ocooo 
1 
loo01 
0 
00100 
0 
2 
loo01 
1 
2ooo2 
0 
01010 
0 
loo01 
2 
0 6 g2 
A, 3 A, 
A, 2 G2 
G2(a,) 1 (72 
G2 0 G2 
0 
“a’ 
A, +‘a, 
:: 
A2+a, 
B2 
A,+A, 
C,(a, 1 
F.4~3) 
B3 
c3 
F&J 
F&A 
f-4 
24 
16 
13 
10 
9 
9 
7 
6 
6 
5 
4 
3 
3 
2 
1 
0 
F4 
0 
A, 
B2 
F4 
A2 
12 
A,+21 
B3 
F.4 
F4 
F4 
F4 
f-4 
F4 
F4 
F‘l 
0 36 
A, 25 
2A1 20 
3A, 16 
A2 15 
A,+A, 13 
2A2 12 
A,+2A, 11 
A3 10 
E6 
0 
A, 
2A, 
D4 
A2 
A,+A, 
2A2 
A,+2A, 
A3 
2 
if{* 
:, 
46 
0 
A, 
2A, 
4A1 
i: 
A2+d, 
A3 
A2+22 
A3+4 
D=h) 
04 
G+A, 
F&J 
B4 
F4 
0 
A, 
2A, 
4A, 
A2 
A,+A, 
2A2 
A,+2A, 
A3 
Table continued 
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TABLE I (continued) 
Dynkin 
diagram 
Bala-Carter 
classification 
Characteristic Carter’s 
d ll”Og polynomial notation 
10101 
0 
01010 
1 
00200 
0 
2ooo2 
2 
00200 
2 
11011 
1 
21012 
1 
11011 
2 
20202 
0 
20202 
2 
22022 
2 
22222 
2 
oooooo 
0 
100000 
0 
ooo010 
0 
oooo02 
0 
Oloooo 
0 
2oooo0 
0 
oQooo1 
1 
1ooo10 
0 
001000 
0 
2A,+A, 9 
A,+A, 8 
Data,) 7 
A.4 6 
D4 6 
&+A, 5 
A5 4 
D5(a,) 4 
Edad 3 
D5 2 
-%(a,) 1 
& 0 
% 63 
A, 46 
2A, 37 
(3A,)” 36 
(3A,Y 31 
A2 30 
4‘4, 28 
AzfA, 25 
A,+2A, 22 
-5 
0 
A, 
2A, 
(3.4,)” 
D4 
A2 
E, 
Az+A, 
A2+2A, 
~Az 
A,+2A, 
D&,) 
A4 
D4 
&+A, 
Asf.41 
D5h) 
Eda,) 
D5 
E&a, 1 
E6 
0 
A, 
2A, 
(3A,)’ 
(4A,)’ 
‘42 
C7A,l 
Az+A, 
A,+2A, 
Table continued 
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TABLE I (continued) 
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Dynkin BalaCarter 
diagram classification 
Characteristic Carter’s 
d nou!l polynomial notation 
2ooolO 
0 
oooo20 
0 
2 
2oooo2 
0 
010010 
0 
101ooo 
0 
02oooo 
0 
100101 
0 
22ooocI 
0 
01ooo1 
1 
001010 
0 
2ooo20 
0 
ooo200 
0 
2ooo22 
0 
21oool 
1 
101010 
0 
201010 
0 
002ooo 
0 
101020 
0 
101012 
0 
200200 
0 
010102 
1 
A3 21 A3 ,442,: ‘43 
2A2 21 2‘4, 424: 2A2 
A,+3A, 21 A2+3A, 43rx A,+3A, 
(A, + A,)” 20 @,+A,)” 444:4: (A,+A,)’ 
2A,+A, 18 E6 4:4, 3-4, 
(A,+A,)’ 17 DS 444:4: (A, + 2A,)” 
D,(a, 1 16 D4 4:4: D4h) 
A,+2A, 16 &+A, 444”,4, A,+3A, 
D4 15 D4 4s4:4: D4 
D,(a,)+A, 15 D,+A, 4:4*4: D,(a,)+A, 
A,+Az 14 06 4:4:4, 2A, 
A4 13 A4 454: -44 
A3+A2+A, 13 E7 4:r: 2A,+A, 
(A,)” 12 (A,)” 4~vbh6~ (A,)’ 
D,+A, 12 E7 C464il CD,+jA,l 
A,+A, 11 ,%+A, 4,&i: A,+A, 
D,(a,) 10 D5 4644424: D,(a,) 
&+A, 10 &+A, 454341 &+A, 
(A,)’ 9 E6 4,434:41 (A,+A,)” 
A,+A, 9 E7 [d&z1 CA,+-421 
D,(a,)+A, 9 D,+A, 46444i4, D,(ad+A, 
D,(az) 8 E7 4:4: D,bz)+A, 
Table continued 
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Dynkin 
diagram 
Bala-Carter 
classification 
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TABLE I (continued) 
Characteristic 
d KVUR polynomial 
Carter’s 
notation 
020020 
0 
220020 
0 
M)2002 
0 
002020 
0 
210102 
1 
210110 
1 
202002 
0 
210122 
1 
202020 
0 
222020 
0 
202022 
0 
220202 
2 
220222 
2 
222222 
2 
OOOOOOO 
0 
oOOOOO1 
0 
1oooooo 
0 
ooooO10 
0 
0000002 
0 
1 
1ooooOl 
0 
&(a,) 
D5 
E,fa,) 
A6 
&(a,) 
D,+A, 
EA4 
D6 
Edal) 
E6 
E&4 
E,(e) 
&(a,) 
-% 
8 
7 
7 
6 
6 
6 
5 
4 
4 
3 
3 
2 
1 
0 
0 120 
A, 91 
2A, 74 
3A, 64 
A2 63 
4A, 56 
A,+A, 52 
E6 
D5 
E, 
A6 
D6 
D,+A, 
E, 
E, 
E6 
E6 
E, 
4 
E, 
E, 
E8 
0 
A, 
2-4, 
D.4 
A2 
E8 
A,+A, 
E6(a2) 
D5 
Eda, ) 
‘46 
D6@,) 
D>+A, 
A, 
D,+A, 
E,(a,) 
E6 
&(a,) 
-%(a2 ) 
&(a,) 
E, 
0 
A, 
2A, 
(4A,)’ 
AZ 
WI1 
A,+A, 
Table continued 
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TABLE I (continued) 
Dynkin Bala-Carter 
diagram classification 
Characteristic Carter’s 
d iKoag polynomial notation 
0000100 
0 
looooO2 
0 
OlooooO 
0 
2ooooo0 
0 
1oooo10 
0 
oooo101 
0 
ooooO20 
0 
oooo022 
0 
0001000 
0 
01oooo1 
0 
OoowlO 
1 
1000100 
0 
2ooocKl2 
0 
oo1ocOo 
0 
ooooO12 
1 
2 
1ooo101 
0 
1001ooo 
0 
1ooo102 
0 
0010001 
0 
oooo200 
0 
2ooo101 
0 
A,+2A, 41 A,+2A, 434;r: A,+2A, 
A, 46 A3 d&52& A3 
A,+3A, 43 D,+A, 434;r: A,+4A, 
2A2 42 2‘42 4:4: 2A2 
2A,+A, 39 E6 4:4: 3A2 
A,+A, 38 DS 444:4: (A,+2Ad 
D4(al) 31 D4 4:4’: D4(al 1 
D4 36 D4 464:s: 04 
2A2+2A, 36 E8 c4:1 C4AJ 
A,+2A, 34 07 444:4, A9+4A, 
D4(aA+Al 32 D4+A, 4:hd: D,(a,)+Al 
A,+A, 31 D6 4:4:4: W,)’ 
A4 30 A4 454: A4 
A,+A,+A, 29 E8 4:4: 2A,+2A, 
D,+A, 28 E8 o,4;1 CD,+4A,l 
D4h)+A2 28 D,+A, 4:4,4: D4@J + A2 
&+A, 26 &+A, d&d: &+A, 
7-A, 26 E8 c4:1 C2D&Al 
&(a,) 25 D5 4644424: &(a,) 
A,+2A, 24 A,+2A, 4,4:4: A,+2A, 
&+A, 23 &+A, 4,434: ‘%+A2 
-45 22 E6 4,434:4: (A,+A,)’ 
Table continued 
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TABLE I (continued) 
Dynkin Bala-Carter Characteristic Carter’s 
diagram classification d Boo!3 polynomial notation 
001ooo2 
0 
0100100 
0 
2000020 
0 
ooowo2 
2 
2oocO22 
0 
0010010 
0 
101ocQ1 
0 
0100101 
0 
0100010 
1 
1001010 
0 
0010100 
0 
1001012 
0 
ooo2000 
0 
2000200 
0 
01ooo12 
1 
0010102 
0 
1010100 
0 
2000202 
0 
ooo2002 
0 
21ow12 
1 
2ooo222 
0 
1010101 
0 
D,(a,)+A, 
A,+A2+A, 
&(a,) 
D,+Az 
D5 
&+A, 
A,+A, 
&(a,) + A2 
D,(Q) 
E,(a,)+A, 
-%(a,) 
Ds+A, 
~%(a,) 
A6 
Dda,) 
E,(Q) 
&+A, 
Eda, 1 
D,+A, 
D6 
& 
&(a,) 
22 
22 
21 
21 
20 
20 
19 
19 
18 
18 
17 
16 
16 
15 
15 
14 
14 
13 
13 
12 
12 
12 
D,+A, 
A,+A,+A, 
E6 
D, 
D5 
ES 
Es 
E8 
E8 
ES 
ES 
4 
Es 
‘46 
Db 
& 
&+A, 
E6 
ES 
Es 
E6 
07 
Dda,)+A, 
A4+A,+A, 
-%(a21 
D,+A, 
D5 
2‘44 
IAs+A,+A,I 
CDsh)+AJ 
W41 
[&(a,) + ,421 
&(a,)+A, 
D,+2A, 
CEs(as)l 
4 
Dda,) 
(A,)’ 
&+A, 
&(a,) 
A,+A, 
CD,+2A,I 
& 
D7(a2) 
Table continued 
Dynkin 
diagram 
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TABLE I (continued) 
Balazarter Characteristic Carter’s 
classification d noa* polynomial notation 
1010110 
0 
1010102 
0 
2010102 
0 
002ooo2 
0 
2002002 
0 
1010122 
0 
0101022 
1 
0020020 
0 
2101101 
1 
0020022 
0 
2101022 
1 
2020020 
0 
2020022 
0 
2101222 
1 
2020202 
0 
2020222 
0 
2202022 
2 
2202222 
2 
2222222 
2 
A, 11 
&h)+A, 11 
E&,) 
E,(h) 
&(a,) 
‘%+A, 
Ed4 
E&G 1 
D, 
Es(b) 
&(a,) 
&(a,) 
E,(h) 
E, 
&bJ 
Ed4 
K&+.) 
&(a,) 
-5 
10 
10 
9 
9 
8 
8 
I 
I 
6 
6 
5 
4 
4 
3 
2 
1 
0 
For each nilpotent orbit we give the weighted Dynkin diagram and the 
description in terms of the Bala-Carter classification. The notation differs 
slightly from that in [l], as indicated in 0.5. For each conjugacy class C 
in the Weyl group which occurs in the table we indicate the class of 
parabolic subgroups n(C), using the conventions of 0.5, the characteristic 
58 N. SPALTENSTEIN 
polynomial written as a product of cyclotomic polynomials q5i, and the 
name given in [2]. 
The column labeled d contains the value of dim B3, for x in the given 
nilpotent orbit, where 8, is the variety of all Bore1 subgroups of G which 
contain x in their Lie algebra. This is also the number d(w) defined in 3.2 
for w  in the indicated conjugacy class in the Weyl group, whether the 
actual or the conjectured value for a,(x). 
One of the main results of this paper is that the values given for the map 
7c 0 (TV are correct (2.1). 
2. REDUCTION TO SUBALGEBRAS 
The aim of this section is to prove the following result. 
2.1. THEOREM. Let g be simple of exceptional type. Then the map rco aR 
from nilpotent orbits to conjugacy classes of parabolic subgroups of W is as 
indicated by Table I. 
The proof is given in Section 2.7 below. 
2.2. PROPOSITION. Let x be a nilpotent element of g and let I be a 
subspace of g. Assume that there exists ZE g such that g = [z, c,(x)] + 
[x, g] + 1. Then there exists a dense open subset U of x + mg such that every 
YE U is Co&x) G,(A)-conjugate to some element in x+ EZ+ ml. If 
mureouer I E C(I) and x, z E I, then a,(x) = (i,,, 0 aI)( 
Proof: It is enough to prove the first assertion. The differential at 
(1,x+az+m2g) of the map 
4: CGc,,(x) x (x + E(z + L + [x, g]) + m2g/m2g) -+x + mg/m2g, 
(8, Y + m2g) t+ Ad(g) Y + m2g 
can be identified with c,(x) @ (l+ [x, g]) + g, (u, v) H [u, z] + v, which 
is surjective by assumption. Thus q5 is dominant. In order to prove the 
existence of U, it is therefore sufficient to show that there exists a dense 
open subset U, of x+ E(Z + I+ [x, g]) + m2g such that every ye U0 is 
G,( A )-conjugate to some element of x + EZ + ml. 
Let I, = {z’ E 11 g = [z + z’, c,(x)] + [x, g] + l}. Since it is defined by an 
open condition and contains 0, I,, is a dense open subset of 1. It follows that 
x+s(.z+I,,+ [x, g])+m2g is a dense open subset of x+.s(z+l+ [x, g]) 
+ m*g. We show that we can take U, = x + E(Z + I, + [x, g]) + m’g. 
Consider an element g E G,(A), and let gG,(A ) correspond to XE g g 
G,(A)/G,(A). Let y E x + E(Z + y,) + m2g, with yr E I, + [x, g]. Then 
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Ad(g x + E(Z + y, + [X, x]) + m*g. For a suitable choice of g we can 
arrange to have yr + [X, x] E IO. Thus every element in UO is G,(A)- 
conjugate to some element in x + E(Z + I,) + m*g. 
Now let ia 1 be an integer. Then we find in a similar way that every 
element in x + E(Z + I,) + m*I + mi+ ’ g is C,(X)~ (A)-conjugate to some 
element in x + E(Z + I,) + m*I + s’+ ‘[x, g] + m’+*g and that every element 
in x + E(Z + 1,) + m*l+ e’+l[x, g] + m’+*g is Gi+ ,(A)-conjugate to some 
element in x + E(Z + I,) + m*I + mi+ * g. This implies that U, has the 
required property, and proves the proposition. 
2.3. PROPOSITION. Let x E g be nilpotent. Then there exists a subalgebra 
go E A(g) and a dense open subset U of x + mg such that the following hold. 
(a) go=. 
(b) For every ye LJ, there exists gECo(x) G,(A) such that 
Adkb-+mgo. 
(c) Every y E LJn (x + mg,) is regular semisimple and the Cartan 
subalgebra cSP( y) corresponds to a distinguished conjugacy class in the Weyl 
group of go. 
Moreover a,(x) = (i,,, 0 ogO )(x), and there exists an element z E go such that 
9 = CCL xl + Cc&), 21 + 90. 
Proof Let 1, E n(g) be such that 1,~ x and x is distinguished in I,. Let 
S be the finite subset of /l(g) consisting of the Levi subalgebras I such that 
12 IO and at(x) is a class of distinguished elements in W(I). For I E S, let X, 
be the closure in x + mg/m*g of {Ad(g) y + m*g 1 g E C,&x) G,(A), 
y E x + ml}. It follows from [6, Prop. 61 that x + mg/m*g = lJ,. s X,, Since 
x + mg/m*g is irreducible, there exists therefore gOE S such that X,, = 
x + mg/m*g. It is clear that (a), (b), and (c) hold for go and that a,(x) = 
(i 90,B 0 a,,)(x). The morphism 
4: W,&) GA4/G2(4) x (x+mgo/m2go) -tx+ w/m*g 
induced by Ad is dominant. Since 4 is Cc&x) G,(A)-equivariant, there 
exists z E go such that the differential dq! of 4 at (1, x + EZ + m*g,) is surjec- 
tive. This implies that g = [c,(x), z] + [g, x] + go. 
2.4. Let 0 be a nilpotent orbit in g such that c,(O) is a distinguished 
class in W. If g has at most one simple factor which is not of type A, then 
8 is stable under every automorphism of g, as follows from the following 
observations. 
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(a) If g is simple of type A, then 0 is the regular nilpotent orbit. 
(b) If g is simple and some nilpotent orbit Co if g is not stable under 
some automorphism of g, then g is of type D,, for some n, and o,(0) is not 
distinguished. 
2.5. Let s(g) be the set of all G-orbits of pairs (x, I) with I E n(g), x E I 
nilpotent, and such that al(x) is a distinguished class in W(1). We often 
consider such pairs (x, I) as elements of X(g). Let 9$(g) be the subset of 
X(g) formed by the orbits of the pairs (x, I) such that a,(x) = (i,,, 0 ai)(x). 
Also, let S*(g) and X:(g) be the subsets of E(g) and X,(g), respectively, 
defined by the condition I# g. These sets are finite, and it follows from 2.3, 
2.4, and the first statement in 0.5 that the projection (x, I) H x induces a 
natural bijection from X0(g) to the set of all nilpotent orbits in g. Our 
problem is to find ?&b(g). We proceed by induction on the rank. Assuming 
the sets ?&(I) to be known for every 1~ n*(g), we can find 9?*(g). Then 
2.2 and 2.3 imply that %t^,*(g) is the subset of z*(g) determined by the 
following condition on the pair (x, I). 
CONDITION 2.5.1. There exists z E I such that g = [z, c,(x)] + [x, g] + I. 
This condition can be checked explicitly, as shown below. Thus 9?:(g) 
can be determined, and therefore also X,(g) in view of the bijection with 
the set of nilpotent orbits in g. Moreover, if (x, I) E X0*(g) and a,(x) is 
known, then c&x) is also known. In the remaining part of Section 2 we 
discuss the application of the criterion given by Condition 25.1. 
Let (x, I)E%(~). Let g = I@ (0 isl Vi) be a decomposition of g as an 
I-module. Then 2.51 holds for (x, I) if and only if there exist elements zi E I 
(i E I) such that the following condition holds. 
CONDITION 2.5.2. For every iE Z, the map c”,(x) + V,/[x, Vi] induced 
by ad(z,) is an isomorphism. 
Here c y,(x) stands for {u E V, 1 [x, u] = 0). This criterion allows one to 
break the verification of 2.5.1 into smaller problems. 
2.6. Let XE g be nilpotent, and let 1, 1’~/1*(g) be such that (x, I), 
(x, I’) E s*(g). Suppose that I c I’ and that 2.5.1 holds for (x, I). Then 2.5.1 
holds also for (x, I) viewed as an element of .!%(I’), and it follows that I = I’. 
In the case of the exceptional simple Lie algebras, this remark, combined 
with the knowledge of the sets ?&(I) for IE /1*(g), allows one to rule out 
many elements of X*(g) as possible elements of 9$(g). For most non- 
distinguished nilpotent orbits in g there remains only one element of X*(g) 
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to investigate. The exceptions occur with g of type ES, for the nilpotent 
orbits which contain the regular nilpotent elements of the Levi subalgebras 
of type AS + A i and A3 + A2 + A,, and with g of type F4, for the nilpotent 
orbit which contains the regular nilpotent elements of the Levi subalgebras 
of type A, + A”, , In each of these cases there are two elements of X*(g) to 
consider. 
2.7. We are ready now to prove Theorem 2.1. Let x E g be nilpotent and 
let e&x) = C. If x is distinguished in g, then a,(x) consists of distinguished 
elements of W [4, 8.31 (this follows also from 2.3), and therefore 
n(C) = { W}. Suppose now that x is not distinguished. In all cases where 
Table I indicates that C is not distinguished, there is a unique orbit X in 
X*(g) which comes into consideration (taking 2.6 into account), and 
explicit computations show that 2.5.2 holds for (x, I) E X. 
We are thus left with the case where x is not distinguished in g but C is 
claimed to be distinguished in W. Let X be an element 9*(g) correspond- 
ing to x, and let (x, 1) E X. We must show that 2.5.2 fails, or equivalently 
that there exists an I-submodule V of g with Vn I = 0 such that the 
following condition holds. 
CONDITION 2.7.1. For every z E I, the map cV(x) + V/[x, V] induced by 
ad(z) is not an isomorphism. 
It turns out in all cases that I is maximal in A*(g) and corresponds to 
a unique conjugacy class of parabolic subalgebras of g. We get then a 
natural grading of g, with g,, = I, indexed by a group isomorphic to Z. 
Choosing a suitable system of simple roots, we can take for gi (i#O) the 
subspace of g generated by the root subspaces corresponding to roots in 
which the remaining simple root occurs with multiplicity i. We must show 
that 2.7.1 holds for one of these subspaces gi (i # 0). 
It is obvious that 2.7.1 holds for V if the following holds. 
CONDITION 2.7.2. [I, c,(x)] + [x, V] # V. 
To study the action on I of V it is convenient to use the grading arising 
from an z&-triplet for x in 1. Consider for example the case of the nilpotent 
orbit A5 in a Lie algebra of type E,, and take V= gl. Then I E A*(g) is of 
type A,, x is a regular nilpotent element of I, and dim V= 20. Using an 
&-triplet for x in I, we get a grading of K It is easily checked that cV(x) 
is the direct sum of three one-dimensional subspaces of degrees 3, 5, 
and 9. Similarly, V/[x, V] is the direct sum of three one-dimensional 
subspaces of degrees - 3, - 5, and - 9. But every element z E I is a sum of 
homogeneous elements of degrees > - 10. It follows immediately that the 
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component of degree -9 of V is not contained in [1, cV(x)] + [x, V], and 
2.7.2 holds in this case. 
Using &-gradings in a similar way, we find that 2.7.2 holds in each of 
the following cases. 
Orbit of x Type of I V 
G of type G, 
G of type F., 
G of type E, 
G of type E, 
G of type E, 
A,+A, 
B3 
c3 
C3h) 
d,+A, 
A5 
2A2+A, 
D6 
D&d 
A,+A,+A, 
D&d 
A,+A, 
A,+A,+A, 
A, 
D, 
DAa,) 
E7 
&(a51 
&+A, 
C3 
B3 
c3 
;:+A, 
A5 91 
2A2+A, 91 
D6 
D6 
A,+A,+A, 
91 
91 
92 
Although the use of &-gradings is inconclusive in the following cases, 
explicit computations show that 2.7.2 still holds. 
Orbit of x Type of I V 
G of type E, 
As+A, A,+A, 91 
G of type E, 
A,+A, &+A, 91 
EAad 4 91 
‘%+A, &+A, 91 
Ed4 + A 1 ,%+A, 91 
D,+A, Ds+A, 92 
D5(al) + A2 D,+A, 91 
For the remaining cases, 2.7.2 fails for each subspaces gi (i # 0). We 
claim that 2.7.1 nevertheless holds for the following choices of V. 
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Orbit of x Type of 1 V 
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G of type F4 
A,+21 B3 
G of type E, 
4A, D6 
D,+A, D6 
G of type Es 
4A, E7 
D,+A, E, 
D6 E, 
2A3 4 
A,+A,+A, E, 
2A,+2A, -%+A, 
92 
91 
91 
91 
91 
91 
91 
91 
91 
In order to prove this, we take for z a general element of I, with indeter- 
minates as coefficients, compute the matrix M(z) of the map Ad(z): 
cy(x) + V/[X, V] with respect to some bases, and check that the determi- 
nant of this matrix is 0. In several cases the resulting determinant seems 
hopelessly hard to work out explicitly, but this can be remedied as follows. 
We need only to check that det M(z) = 0 for z in some dense open subset 
of I. Moreover det M(Ad( g)(z)) = det M(z) for every g E C,(x), where L is 
the connected subgroup of G which has I as Lie algebra. If z0 is an element 
of I and p is a complement of [zO, c,(x)] in I, then the image of z0 + I under 
Ad(C,(x)) contains a dense open subset of I. It is therefore sufficient to 
prove that det M(z) = 0 for z E z0 + p. For suitable choices of z. and p, this 
can actually be done. This completes the proof of 2.1. 
3. A NUMERICAL INVARIANT OF WEYL GROUP ELEMENTS 
3.1. Let g be a simple Lie algebra of exceptional type and let x E g be 
nilpotent. From the computations in Section 2, we can find explicitly a Lie 
algebra go E n(g), containing x, such that b&x) = (i,,, 0 a,,)(x), and with 
cr&x) consisting of distinguished elements of the Weyl group of go. 
Moreover the computation of og,(x) breaks down according to the simple 
factors of go. For classical Lie algebras the problem is solved in [S], and 
for exceptional Lie algebras the following cases are dealt with in [4, 9.121. 
Type of 9 Orbit of x 
G2 G2 
F4 F4 
EL5 E,, -%(a,) 
E7 4, -%(a~)> &(a,) 
‘% Es, .%(a,), E,(Q,) 
64 N. SPALTENSTEIN 
3.2. Using 3.1, we can compute a,(6) for many nilpotent orbits 0 in g, 
and a few more cases are treated in Section 4. We discuss here the criteria 
which have been used to assign the conjectural values for the remaining 
nilpotent orbits. 
We define some numerical functions on W which are constant on 
conjugacy classes. Let w  E W. First, let Y(W) be the rank of the parabolic 
subgroup Z(W) c W. Let N be the number of positive roots of g, and for 
YEgFletd(y)=tr(EN(adY)). Wedelinenowu(w)=min(o(d(y))ly~g~} 
and d(w) = i(u(w) - Y(W)). We consider also r, v, and d as functions on the 
set of conjugacy classes in W. 
For a nilpotent element x E g, let 8, be the variety of all Bore1 sub- 
algebras of g containing x. For later use define also u(x) to be the integer 
min{v(d(y)) 1 y E x + mg}, and write u(0) = u(x) if 0 is the orbit of x. 
The choice of the conjectural values for (T&X) is compatible with the 
following formula which is related to a conjecture in [4, p. 1301. 
CONJECTURE 3.2.1. For every nilpotent element x E g, dim B3, = 
d@,(x)). 
Suppose that a,(x) consists of distinguished elements of W. In many 
cases, the set 
S(x) = ( w  E W 1 w  is distinguished and d(w) = dim 2Jx > 
is a single conjugacy class, which is then conjectured to be a,(x). In the 
remaining cases S(x) is the union of two conjugacy classes, and arguments 
similar to those developed in Section 4 have also been used in choosing one 
of them as the conjectured value of g&x). 
3.3. The functions d, v, and r on W defined in 3.2 are easily computed 
for classical Lie algebras. For Weyl groups of classical type we use the 
same notation as in [S]. The dual of a partition I is denoted A*, and e(A) 
is the number of even parts of A. 
Type A,. The conjugacy class of w  is characterized by a partition 1 of 
n + 1, whose parts are the lengths of the cycles of w  viewed as a permuta- 
tion. Then 
d(w)=;c &+(A:-1), 
u(w) = 1 min(J.,, A,) - 2: = 1 A)‘- A:, 
i. j I 
r(w)=n+ 1 --AT. 
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Types B,, C,. The conjugacy class of w  is characterized by a pair of par- 
titions (a, /I) with Ci ai + Ci /Ii = n. For the Coxeter class, a is the empty 
partition and p = (n, 0, . ..). For w  = 1 the partition 01 has n parts equal to 
1 and /I is the empty partition. Let 3, be the partition of 2n which has two 
parts a for each part a of c1 and one part 2b for each part b of /.I. Then 
d(w’=~~ n:(p-l)+;e(a)+;a:, 
I 
u(w)=; c A**+e(a) 
I 
Y(W) = n - a:. 
Type D,. We associate to w  a pair of partitions (a, B) as for type B,. 
This pair of partitions characterizes the class of w  except when b is empty 
and the parts of tl are all even, but even in this case T(W), u(w), and d(w) 
can be recovered from the pair (a, /I). Using the same notation as for type B,, 
d(w)+ i:(l:-l)+~e(a)-~af-~B:. 
I 
u(w)=: c A**+e(a)-I:, 
I 
r(w) = n - a:. 
Using then known results on dim 23, [7, p. 961 and the description of the 
Kazhdan-Lusztig map for classical Lie algebras [S], it is easily checked 
that 3.2.1 holds for classical Lie algebras. 
3.4. If we could show that the Table I is correct, then we would get as 
a corollary that the Kazhdan-Lusztig map from nilpotent orbits in g to 
conjugacy classes in W is always injective, and that every distinguished 
conjugacy class in W is contained in the image of this map. As a further 
consequence we would get also that (x, I) H (i,,, 0 G,)(X) induces a natural 
bijective correspondence from the set g’(g) defined in 2.5 to the set of all 
conjugacy classes in W. 
In [4, 9.131, it is suggested that by using all maximal parahoric sub- 
algebras of gF to extend ua we might get a surjective map. This, however, 
would mean that the analogue of 3.2.1 fails for some maximal parahoric 
subalgebras of gp. 
3.5. A more conceptual way to prove the injectivity of the map crB 
would be to establish the following property. 
66 N. SPALTENSTEIN 
CONJECTURE 3.5.1. If x E g is nilpotent, then there exists a dense open 
subset U of gp(“’ which consists of elements which are G(F)-conjugate to 
elements of x + mg. 
It order to prove this conjecture it is enough to consider the case where 
a,(x) is a distinguished conjugacy class in W. It is likely that a stronger 
results holds, for example with U replaced by gp(-‘), or even the closure of 
g”,s’“’ in the set of regular semisimple elements of gF. If x is a regular nilpo- 
tent element, then every topologically nilpotent regular semisimple element 
is conjugate to some element of x + mg [4, Sect. 4, Th. 11, and so the 
strongest statement holds for regular nilpotent elements. For g of type A, 
or C,, explicit computations show that the conjecture holds with U = gp’“‘. 
The correctness of Table I would also follow from this conjecture, using 
the methods and some of the results discussed in the next section. 
4. COMPUTATION OF THE KAZHDAN-LUSZTIG MAP ON SOME CLASSES 
4.1. Explicit computations show that 2.2 applies in the following cases 
where we use subalgebras in C*(g). 
Type of g Type of I &bit of .Y 
G2 
F4 
E, 
E* 
43 
‘58 
‘42 G,(QI) 
& A, +A,> B,, C,(a,), F,(a,L F,(e) 
D,+A, A,+A2+A1,E,(q) 
Da D,+A2,A3+A2+A, 
.%+A, D, + A?. &(a,), Ea(bJ 
E,+A2 Es(b) 
The only case in which this information cannot be used in a straightforward 
way to find a,(x) is that of the nilpotent orbit &(a,) when g is of type E, 
and I of type E, + A,. The nilpotent orbit &(a,) in g contains the nilpo- 
tent orbit E,(a,) + A I of 1. As 2.2 applies in this case, the computation of 
the Kazhdan-Lusztig map for the nilpotent orbit D,(a,) of g is reduced to 
a similar problem for the nilpotent orbit E,(a,) in a Lie algebra g’ of type 
E,.. The exact value of a,,(E,(a,)) is worked out in 4.4 below, using the 
relation a,(D7(a1)) = (i,., 0 a,)(E,(a,) + A I). 
4.2. Let n = dim g. For an element y E gA, consider the characteristic 
polynomial P of ad(y) on g, and define p(v) = min(o(x) 1 x E F and 
P(x)=O}EQ. For a nilpotent element XE g, let then p(x)= 
min{b(v)l yex + mg}. Let k be the degree of the highest root for the 
grading given by the weighted Dynkin diagram of x. Kazhdan and Lusztig 
show that if x is distinguished, then p(x) = 2/(k + 2) [4, 9.111. If we 
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remove the condition that x be distinguished, the argument in [4] can be 
adapted as follows. 
We have a Z-grading g= eigi, with gi=O if Ii1 >k, [gi, gi] cgi+j, and 
XE g2, and corresponding gradings on ga and gF. Let y E x + mg. For 
TE N*, let 4:’ be the map from (g,), to (gA)i induced by ad(y)‘. It is easily 
checked that the image of 4:’ is contained in af(i*j.r)(gA)i, wheref(i, i, r) = 
[(2r+j-i+k+l)/(k+2)]. Taking r=k+2, we find that for -k<i, 
j<k we have f(i,j,k+2)>3 if j-i>l, f(i,j,k+2)=2 if -k-l< 
j-i<O, andf(i,i,k+2)=1 ifj-i< -k-2. Let then V=Ciao(gA)i+ 
Ci<o~(gA)i. It follows from the computations above that ad(y)k+2 maps 
V into E* V. This implies that p(x) B 2/(k + 2). On the other hand, taking a 
subalgebra I E n(g) such that x is a distinguished nilpotent element of I, and 
using the result of [4] for elements y E x + ml, we get an upper bound for 
p(x). In the cases of interest to us, this gives the following information. 
(a) If k is even, then p(x) = 2/(k + 2). 
(b) If k is odd, then 2/(k + 2) <p(x) < 2/(k + 1). 
Arguing now as in [4, 9.121, we can handle the following cases. 
Type ofg Orbit of x Constraint on p(x) 
G2 
G2 
F4 
F4 
E7 
ES 
ES 
ES 
ES 
2, 
G,(a,) 
22+A, 
F4(al) 
E7(a4) 
‘%+A, 
Eda.4 
Edb.4 
5db.J 
For example, the conjugacy class A8 in a Weyl group of type Es is the 
only one which consists of distinguished elements whose characteristic 
polynomial is divisible by the cyclotomic polynomial &,. Thus the image of 
the nilpotent orbit E,(b,) must be the conjugacy class A8 in W. For the 
nilpotent orbit A, + A, in a Lie algebra of type E,, we observe first that 
in the interval [2/11, l/5) there is no rational number of the form u/b with 
be (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 18, 20, 24, 30). It follows that 
in this case we must have p = l/5, and we can then argue as before. 
4.3. The results in [S] are obtained by studying various Newton 
polygons. For a polynomial P = C aiX’ E A[X] we define the Newton 
polygon 17P to be the convex hull in R* of the set {(i, j)s N*I j~u(a,)}. 
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For a nilpotent element XE g, let n(x) be the union of the Newton 
polygons of the characteristic polynomials of the maps ad(y) with 
y E x + mg. For w  E W, let n(w) be the union of the Newton polygons of 
the characteristic polynomials of the maps ad(y) for regular elements 
YEG- 
Let n = dim g and I = rank g. If x E g is nilpotent, then p(x) is the largest 
rational number q such that n(x) is contained in the convex hull of 
{(i,j)EN’[j>q(n-i)}. If y E ga, then u(d( y)) is the smallest Jo N such 
that (I, j) E lTp, where P is the characteristic polynomial of ad(y). Recall 
that in 3.2 we have defined integers u(w) for WE W and V(X) for nilpotent 
elements XE g. It is clear that v(w) is the smallest Jo N such that 
(1,j)~Z7(w) and that v(x) is the smallest Jo N such that (Z,j)~n(x). If 
moreover w  E (T&X), then n(x) c n(w), and in particular, v(x) > u(w). 
Let 17 be a Newton polygon. Define Vn to be set of all polynomials 
PE A[X] such that ZZp c l7. Let q E Q. Assuming that the interior of 17 is 
not empty, there is exactly one line L of slope q which meets 17 but does 
not contain any interior point of 17. Using the points in L n I7 n N*, 
we can associate as in [S, 1.41 to each polynomial P = x a$‘~ Vn a 
polynomial gr,,,(P) E C [ Y]. If (i, j) E L n ZZ, then s-‘ui + m E A/m z @ is a 
coefficient of gr,,,( P), 
JLnZ7nN21-1. 
and the maximum possible degree of gr,,,(P) is 
For an integer kal, let Z7, be the convex hull of {(i,j)EN*II<i<, 
and i+ kj> n}. Consider a nilpotent element x E g. If p(x) > l/k, let 
T,(x) c @[Y] be the closure of the set of all polynomials of the form 
gr,, -,lk(P) with P the characteristic polynomial of ad(y) for some 
y E x + mg. Similarly, if w  E W is such that ZZ(w) c ZZ,, let T,(w) c @ [ Y] be 
the closure of the set of all polynomials of the form gr,, ~ ,,JP) with P the 
characteristic polynomial of ad(y) for some YE g;. If w  E o&x), then 
T/c(x) = T,(w). 
If 0 is the orbit of the nilpotent element x E g, we write also Z7(0) instead 
of n(x), and r,(0) for T,(x) if ,u(x) 2 l/k. Similarly, if C is the conjugacy 
class of w  E W, we write also n(C) instead of n(w), and T,(C) for T,(w) 
if n(w) c l7,. 
4.4. Let g’ be a simple Lie algebra of type E, and let x’ E g’ be an 
element of the nilpotent orbit E,(a,) of g’. Then ,u(x’) = l/10. It follows 
that a,,(~‘) must be one of the two conjugacy classes E,(a,) or D, + A, in 
the Weyl group W’ of g’. We show now that it is actually E,(a,). 
Suppose that a,.(~‘) = D, + A,. Let g be of type E, and x an element of 
the nilpotent orbit D,(a,) of g. By the results in 4.1, we have then e&x) = 
D, + 2A,. This implies that u(x) 2 32. We find a contradiction by showing 
that there exists y E x + mg such that u(d( y)) < 32. Let 1 E n(g) be a sub- 
algebra of type D, containing x and let !P be a 1Cdimensional irreducible 
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representation of 1. There exists an element y E x + ml such that the charac- 
teristic polynomial of Y(y) on V@ c F has eigenvalues with valuations l/10 
and l/4 [4, 9.91. A careful study of the action of W on the root system of 
g shows that c,,(y) is a Cartan subalgebra corresponding to the conjugacy 
class @(al) in W, and that u(d(y))=27. This gives the required contra- 
diction. 
Thus a,(&(~,)) = &(a,), and it follows then from 4.1 that a,(&(~~)) = 
444. 
4.5. We turn now to a weak substitute for the formula conjectured in 
3.2. We need first: 
LEMMA A. Zf SE g is semisimple and ZE c&s) + mg, then there exists 
gEG1(A) such that Ad(g)zEc,(s),. 
Proof: Since g = c&s)@Im(ad(s)), one checks easily that if zi E 
z + c,(s), +m’g for some i> 1, then there exists gi E G,(A) such that 
Ad(g,)z, E z + c,(s), + mi+‘g. The result follows. 
LEMMA B. Let g be semisimple, w  E W a distinguished element, and Q a 
Curtun subalgebra in gF of type w. Then the projection V of b n ga in g 
consists only of nilpotent elements. 
Proof: By Lemma A, every regular semisimple element z E b n gA has a 
nilpotent projection in g. The nilpotent elements form therefore a dense 
subset in the projection of h n gA in g. The result follows now from the fact 
that the nilpotent variety of g is closed. 
PROPOSITION. Let x # 0 be a nilpotent element of g. Assume that a,(x) is 
a distinguished conjugucy class in W. Let 1 be the rank of g, and let 6 be the 
maximal dimension of ubeliun subalgebras of the reductive centralizer of x 
consisting only of nilpotent elements. Then u(x) > dim c,(x) - (min(b, I- 1)). 
Proof. We may assume that g is semisimple. It is sufficient to show that 
u(d( y)) > dim c,(x) - (min(b, I- 1)) for regular semisimple elements 
y E x + mg such that the Cartan subalgebra cBF( y) is of type e&x). 
The projection V of c,,(y) in g is an abelian subalgebra of c,(x) con- 
sisting of nilpotent elements, and dim V = 1. Thus dim( V n [x, g]) 2 I- 6. 
Moreover dim( Vn [x, g]) 3 1 since XE Vn [x, g]. 
Choose a basis (zi, . . . . z,) of V which can be extended to a basis 
(z 1, *-*, z,) of g such that [x, zi] either is 0 or belongs to the basis 
(1 <i,<n). Let (zll, . . . . Z,) be a basis of c,,(y) whose projection in g is 
(z 1, -**, z,). Then (Z,, . . . . ?,, z,+ i, . . . . z,) is a basis of gA. Let M be the matrix 
of ad(y) relative to this basis. The first 1 columns of M are 0. Let M’ be 
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the matrix formed by the coefficients of M whose indices are both larger 
than I, and let P and P’ be the characteristic polynomials of A4 and M’, 
respectively. Then P = X’P’, and therefore d(y) = det(M’). The only coef- 
ficients of valuation 0 in M’ are those arising from ad(x). In view of the 
choice of the basis, there are exactly dim[x, g] - dim( Vn [x, g]) such 
coefficients. It follows that v(d( y)) z dim c,(x) - I + dim( Vn [x, g] ). This 
proves the proposition since we already know that dim( Vn [x, g]) 2 
max(l- 6, 1). 
4.6. Now let g be of type F4. There are two nilpotent orbits left, F,(a,) 
and C3. Let x be an element of one of these orbits. Then p(x) = l/6, and 
it follows that a,(x) is one of the conjugacy classes F,(a,), C3 + A,, or D,. 
The closure of the orbit of x in g contains the nilpotent orbit C,. From 
results in type C,, we find that T,(x) contains the polynomials of the form 
Y( Y- a)” (Y + 27a). Since for w  in the class D, of W the variety T,(w) 
consists of polynomials of the form Y( Y - a)3 ( Y - 64a)3 ( Y + 27a), we can 
rule out D,. We consider now separately the two cases. 
(a) Let x be in the nilpotent orbit F,(a,). Then the closure of the 
orbit of x contains also the nilpotent orbit B,. From results about B,, we 
find that r,(x) contains the polynomials of the form Y( Y- a)’ ( Y- 64a)3 
(Y + 27a). This rules out the conjugacy class C, + A i. Thus g&x) = F,(a,). 
(b) Let x be in the nilpotent orbit C,. By 4.5, we have u(x) > 9. On 
the other hand, if I E A(g) is a subalgebra of type C, containing x, then we 
can find y~x+ ml such that u(d(y)) = 11. Therefore 9 <u(x)< 11. 
However, if w  E W is an element of the conjugacy class F,(a,) and y E g’J, 
then v(d(y)) = 8 or o(d(y)) 2 12. Thus a,(x) = C, + A,. 
4.7. Consider now the case where g is of type E,. We have three nilpo- 
tent orbits for which the exact value of the Kazhdan-Lusztig map is not 
yet known, the orbits E,(a,), A,, and 2A,+A,. 
(a) Let x E g be an element of the nilpotent orbit 2A, + A,. By 4.2, 
we get 2/7 <p(x) < l/3. In the case of E,, this forces p(x) = l/3. Therefore 
o&x) must be one of the conjugacy classes 3A,, A, + A,, E,, or E,(Q) in 
W. Using results about A,, we find also that dim T,(x) 2 2. This implies 
that cr&x) = 3A,. 
(b) Let x E g be an element of the nilpotent orbit E,(a,). By 4.2, we 
have P(X) = l/6, and therefore a,(x) is one of the conjugacy classes E,(u,) 
or A5 + A, in W. The orbit of x contains in its closure the nilpotent orbits 
A, and D,(u,). From results in types A, and D,, we deduce that T,(x) 
contains the polynomials of the form Y( Y - a)6 ( Y - 64a)3 ( Y+ 27a)* and 
those of the form Y*( Y- b)9 (Y+ 27b), for all a, b E C. It follows that 
dim r,(x) > 2, and therefore a,(E,(a,)) = E,(u,). 
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(c) Let x E g be an element of the nilpotent orbit A,. By 4.2, we have 
y(x) = l/6, and therefore a,(x) is one of the conjugacy classes AS + A 1 or 
&(a,) in W. Using 4.5 and results in type AS, we find also that 
13 <u(x) < 15 and that T,(x) must contain the polynomials of the form 
Y(Y--u)~ (Y-64a)3 (Yf 27a)*, with a E @. We want to eliminate the 
possibility ,?,(a,). Let WE W be an element of this orbit. Let 
y E (x + mg) n 9:. If all non-zero eigenvalues of ad(y) in F have valuation 
l/6, then u(d(y)) = 12, which is impossible. This shows in particular that 
dim r,(x) < 2, and therefore also that T,(x) consists exactly of the polyno- 
mials of the form fa = Y( Y - a)‘j (Y - 64~)~ (Y + 27a)*, with a E @. Without 
loss of generality we may assume that y gives such a polynomial with a # 0. 
The Galois group Gal(F/F) acts on the root system of gF relative to csF(y) 
and has 12 orbits, each consisting of six roots. Since Y has multiphclty 1 
in f,, there is exactly one orbit in the root system which corresponds to 
eigenvalues having valuation larger than l/6. This orbit must be stable 
under the involution a H -a. It follows that the corresponding eigenvalues 
have valuation at least 5/6. Therefore u(d(y)) 2 16 > u(x), Thus o,(x) # 
E,(Q), and therefore CJ~(X) = A, + A,. 
4.8. In this section we compute the value of the Kazhdan-Lusztig map 
on three of the remaining six nilpotent orbits for a Lie algebra g of type E,. 
(a) Let XE g be an element of the nilpotent orbit D,. Then 
p(x) = I/10. Using 4.5 and computations in type D,, we find that 14 < 
u(x) d 16. Thus a,(x) must be one of the conjugacy classes D6 + A, or 
E,(Q) in W. Let w  E W belong to the conjugacy class &(a,), and let y E 9;. 
Then there are 120 roots of c&) which belong to Galois orbits consisting 
of 10 or 30 elements, and the corresponding eigenvalues of ad(y) have the 
same valuation, which may be l/IO or is at least 3/10. The remaining six 
roots form a Galois orbit, stable under a H -a, and the corresponding 
eigenvalues of ad(y) have valuation l/6 or at least 5/6. It follows that 
u(d(y))= 13 or u(d(y))> 17. Since 14~ u(x)< 16, this shows that 
g,(x) # E&Q). Thus u,(x) = D, + A,. 
(b) Let XE g be an element of the nilpotent orbit E,(u~). Then 
p(x) = l/6. The orbit of x contains in its closure the nilpotent orbits E,(u~) 
and D,(Q). Let x1 and x2 be elements of these orbits. Then dim r&,) >/ 2, 
as follows from the discussion in 4.7, and r6(x1) contains a 2-dimensional 
family of polynomials of the form Y(Y-u,)~(Y-u~)~(Y-~~)~(Y-cz~)~ 
( Y - us)( Y - u6)( Y - a,)( Y - a,,) with the coefficients a, E @ (1 < i < 8) all 
distinct. From [S, 6.91 we find that dim T,(x,) 3 2, and T,(x,) contains a 
2-dimensional family of polynomials of the form Y( Y - bl)’ (Y - b2)3 
(Y-b3)3(Y-b4)3(y-~5)3(y-bg)(Y-b,)(Y-bs)(Y-bs)(Y-6,o), 
with the coefficients bj E @ (1 <j< 10) all distinct. It follows that 
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dim T,(x) 2 3. This implies that a,(x) = E,(a,). This also implies that 
u(x) = 21. 
(c) Let XE g be an element of the nilpotent orbit D,(a,). Then 
p(x) = l/6. Using 4.5 and computations in type D,, we find that 22 < 
u(x) Q 24 and dim T,(x) > 2. This implies that a,(x) is one of the conjugacy 
classes D,(a,) + A I or &(a,) in W. If dim T,(x) 2 3, then we would have 
a,(x) = E,(a,) and u(x)= 21, which is impossible. Thus dim T,(x) = 2. 
Moreover T,(x) consists of polynomials of the form Y( Y - !P,)~ (Y - b,)3 
(Y-b,)3(y-b4)3(Y--bg)3(Y--b6)(Y-b7)(Y-b8)(Y-bv)(Y-b,,), 
with bj E C (1 G j 6 lo), and in some dense open subset of T,(x) the b;s are 
distinct. Let w  E W belong to the conjugacy class &(a,), y E gp, and let 
Q = gr,,, _ &P), where P is the characteristic polynomial of ad(y). 
Suppose that Q has exactly 20 non-zero roots. Then exactly 120 eigen- 
values of ad(y) have valuation l/6. A careful study of the action of w  on 
the root system shows that either the remaining six roots have valuation at 
least 5/6, in which case u(d(y)) B 25, or Q is of the form Y( Y - ai)4 
(Y-u,)4 (Y-u,)4 (Y-u,)4 (Y-u,) (Y-u,) (Y-u,) (Y-u,) (Y-u,) 
with a, E @ (1 < i Q 8). This implies that a,(x) # &(a,). Therefore a,(x) = 
Dda,) + A 1. 
4.9. Now let g be of type E,. There are 20 nilpotent orbits for which the 
value of the Kazhdan-Lusztig map is not yet known. We handle here five 
of them. 
(a) Let XE g be an element of the nilpotent orbit &(a,). Then 
p(x) = l/12. The orbit of x contains in its closure the nilpotent orbit D,, 
and from results in type D, we find that rr2(x) contains a one-dimensional 
family of polynomials of the form Y(Y-a,)’ (Y-u,)~ (Y-u,)~ (Y-u,)~ 
(Y- a,), with the coefficients ui E @ (1~ i < 5) all distinct. The orbit of x 
contains also in its closure the nilpotent orbit E,(u,), and from this we 
deduce that ri2(x) contains a one-dimensional family of polynomials of the 
form Y2(Y-b1)8(Y-b2)8(Y-bb3)2,withthecoefXcientsbi~@ (l<i<3) 
all distinct. This implies that dim ri2(x) 22, and it follows that e,(x) = 
E8(“3). 
(b) Let XE g be an element of the nilpotent orbit D,. Then 
p(x) = l/12. From 4.5 and results in type D,, we get 21 <u(x) < 23. It 
follows that a,(x) must be one of the conjugacy classes D,(u,), E,(u,), or 
E,(q). If w  E W is an element of the conjugacy class E,(u,) and y E g;, 
then u(d(y)) = 20 or u(d(y)) 2 24. Thus a,(x) # E&u,). From the results in 
type D, used in (a) we find also that if w  is an element of the conjugacy 
class E,(q) of W, then ri2(x) u? Ti2(w). Thus C&X) # E,(a,). We are left 
with g*(x) = D,(u,). 
(c) Let x E g be an element of the nilpotent orbit A,. Then 2/17 < 
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p(x) < l/8, and this actually forces p(x) = l/8. Moreover from results in 
type A, we get u(x) < 31. This implies a,(x) = &(a,). 
(d) Let xE g be an element of the nilpotent orbit ET. Then 
p(x) = l/18, and by 4.5 we have V(X) > 15. Thus a,(x) is one of the con- 
jugacy classes E, + A, or E,(Q) in W. If w’ E W belongs to the conjugacy 
class E,(a,) and y’ E g;‘, then u(d(y’)) = 14 or u(d(y’)) > 18. Thus in order 
to show that CT,(X) = E,+ A,, we need only to prove that u(x)< 17. Let 
1 E n(g) be a subalgebra of type E, containing x. We claim that 
u(d(y)) = 17 for some y~x+ ml. Let w  be an element of the conjugacy 
class E, of W(I) and consider elements y E (x + ml) n 1: which are regular 
in gF. Of the 17 Galois orbits in the root system of gF relative to c,,(y), 
13 consist of 18 roots, two consist of two roots, and there are two fixed 
roots. Moreover there is a dense open subset U of (x + mI) n 1: such that 
for y E U the eigenvalues of ad(y) corresponding to the roots in the orbits 
of size 18 have valuation l/18 and the eigenvalues corresponding to the 
fixed roots have valuation 1. We need only to check that for some y E U the 
eigenvalues corresponding to the four remaining roots have valuation l/2. 
If this were not the case, then these valuations would be at least 1. Let Y 
be a 56-dimensional irreducible representation of 1. We would then have 
u(det( Y(y))) 2 5 for every y E x + ml. However, let x, be an element of the 
nilpotent orbit E,(a,) of I. Then we can find y, EX, + ml such that 
u(det( !?Q,))) = 4. This a contradiction since the orbit of x in 1 contains x1 
in its closure. This completes the proof that a,(x) = E, + A,. 
(e) Let XE g be an element of the nilpotent orbit E,(a,). Then 
p(x) = l/6, and by 4.5 we have u(x) > 41. Moreover we know from the dis- 
cussion in 4.8(b) that dim T,(x) 2 3. It follows that b&x) must be one of 
the conjugacy classes E,(a,) + A, or E,(Q) in W. If W’E W belongs to the 
conjugacy class E,(a,) and y’ E g$, then u(d(y’)) = 40 or u(d(y’)) 2 44. 
Thus in order to show that b&x) = &(a,) + A,, we need only to prove that 
u(x) < 43. Let I E n(g) be a subalgebra of type E, containing x and Y be 
a 56-dimensional irreducible representation of I. In view of the last state- 
ment in 4.8(b), we need only to prove that there exists y E x + ml such that 
u(det( Y(y))) < 10. For this, consider a subalgebra I’E~(I) of type D, and 
an element x, in the nilpotent orbit D,(u,) of 1’. Computations in type D, 
show that we can find y, E x1 + ml’ such that u(det( Y(yi))) = 10. As x, is 
contained in the closure of the orbit of x in I, this implies the desired 
inequality, and therefore a,(x) = E,(Q) + A,. 
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